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ABSTRACT
The purpose of this note is to show how the results of [B] on the pointwise
ergodic theorem for L2-functions may be extended to L? for certain p < 2.
More precisely, we give a proof of the almost sure convergence of the means

() Los 1w z

NlinéN

given a dynamical system (Q, B, u, T') and fof class L?(2, u), p > (\fS + 1)/2.

1. Reduction

Ergodic means of the form (1) and more general were studied in [B] and
almost sure convergence shown assuming fis an L*(u)-function. Extending
this result to L?, p <2 requires additional work. We will only consider here
sets of the form {n’ | n=12...}(>1)for the sake of simplicity, but our
argument may be adapted to sets {¢(n) I n=1,2,...}, ¢ a polynomial with
integer coeflicients, as well. Presently, our method, based on interpolation,
does not cover the entire range p > 1 and the condition p > (\/5 + 1)/2 seems
needed.

By standard truncation arguments and the L2-result proved in [B], it suffices
to obtain the maximal inequality on L?, i.e.,
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This is a problem of a “finite nature” and, as shown in [B], the general case is
equivalent to the case of the shift on Z. Thus let

M f=sup|f*Ky|
N
where

(3) Ky = 5(;1')-

n=N

1
N1

A

We prove an inequality

4) I -#flpay = C(D) || fllra

provided p > (1 + \/5)/2. This restriction seems only technical. The main
purpose of this paper is to show that the methods exploited in [B] are not
purely L2

The argument is based on the same ingredients as for p = 2, proved in [B], to
which the reader is referred for some of the facts listed below.

2. Exponential sums
The dual group of Z is the circle IT and the Fourier transform Ky(a), a €11,

of Ky is given by the Gauss-Weyl sum

5 1 .
(5 K)=— % e ¥

lEn=sN

Fix v = §y and define major arcs .#, = {«€Il; |a| <N~ '**}andfor | < a <
q<NU7 (a’ q)= 13 -ﬂ(q,a)::{aen; |a_a/ql <N*1+U}.

LEMMA 1. IfaE€TIldoes not belong to a major arc, | Ky(a)| < N ~° for some
0=406(t)>0. :

LEMMA 2. If a€.(q,a), a=alq+ B, then Ku(a)=S(q, a)k(NB)+
O(N~°) where

! .
S(g,a)== % e ™ and k(x)=1""x"""x0,(x).

dJosr<q
LeMMA 3. Ifq =Ilp[" is the prime decomposition of g and (a, q) = 1, then

1S(g,a)| = CTp ™
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where we let
m=0ifm=0 m=%ifm=1, m=1 zf2§m<tandn‘1=7 ifmz=1t.
3. Partitioning the rationals

Fix 0 <p < 1 and let { p;} be the sequence of consecutive primes. Define for

l=k=27

(6) Q«= II .
(k=D2'<)jsk2’
Hence
(7N dog Q, x = Cs22°.
Define
(8) R, = {a€I1|aQ, 0, EZ for some 2 < k <2%)

forming an increasing sequence whose union is I1 N Q. Since

'jls = ZQ;., U U [ZQS_VQ:J( \ZQs.l]

22k=s2P5

where
Z,={a/lQ|0=a<Q)},

A, is the disjoint union of 2” differences of cyclic subgroups of I1. The next
fact is straightforward from Lemma 3 and (8).

LEMMA 4. Ifalq€II\ R,, then |S(q,a)| < C2~U+ms2,

4. Construction of approximate kernels

Fora€Q N I1, write S(a) = S(g, a) if a = a/q = 1. By (7), there is an integer
D, for each s, satisfying

1
9 Yog O, <IO—0 Nog D, (1=k=2%) and logD, =< Cs?2°.

Let ¢ be a smooth functionon R, ¢ = 1 on [ — {4, {5} and ¢ = 0 outside [ — 4, 4].
Substitute K, for a kernel L, whose Fourier transform is given by
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(10) Ly(@=k(N'a)p(@)+ £ T S(OkWN(a— (D fa ~ &)).
s=0C(ERN\R; -,
There is the following approximation property:
LEMMA 5. Forp'<p, | Ky =Ly ||« = C(log N) -G+,

Proor. If&# ¢ in R, then clearly |€ — &’| > 1/10D;,. Also, by van der
Corput’s lemma, k()] =C|A|~". From Lemma 4, it follows that for
RC RN\R,_,

2 S(Ok(N'(a = E)p(Dyla— &) | = C2 0+ sup [1 + N'|a— &[] .

ER ER

(11)

Estimating | Ky(a) — Ly(e)| for a €11 distinguishes the cases « in a major arc
and « does not belong to a major arc.

Estimate on major arc. Assume « belongs to the major arc #(&y). Thus, by
Lemma 2,

(12) Ky(e) = S(&)k(N'(a ~ &)) + OWN ).
Let {€ 2\ R, . From (11), (12)
|Ky(@) = Ly(e)| =C ¥ 270+"2sup [1 + N'|a— &[]~

5 #50 (ER,
ira
(13) + C2 5!+ qup N~1a— &M
e,
112

+ C2s+aV2| ] — ¢(D(a — &))).

Iflog N <log D,, < C2"*9% (by (9)), the last two terms in (13) are bounded by
(log N)~¢+»72+¢_ Otherwise, since |a — &) <N ™% < 4D, the third term
vanishes. Writing for € R, & # &,

(14) la =&l = |G ¢l ~ la—&o| > 1/N'D;—N~'**

it follows in particular for s = s, that | — &| > N ~!~?and the second term in
(13) is bounded by N~ 1.

Estimate the first term of (13) as
(15) Y 272 sup [N~ a— &7+ (log N) =0+ (p’ < p).

2+ ciog ¥ (EM,
$*&
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Again by (14), the first term in (15) is at most CN~"3. Hence (13) admits the
bound stated in Lemma 3.

Estimate outside major arcs. If a is not in a major arc, then | Ky(a)| <N ¢,
by Lemma 1 (the H. Weyl estimate). Estimate | Ly(a)| by (11),

(16) |Ly(@)| SCZ 270+  sup [1+ N'ja— &[]

(ER,

By hypothesis, if log D, <vlog N, then |a —¢| > N~'*" for £ € R,. Other-
wise log N > Cs?2* and 2 ~*( 272 < (log N) ~" *#72_ Hence (16) is bounded by
(log N)~(+#72 which proves Lemma 5.

LEMMA 6. The ['(Z)-norm of the Fourier transform of the function

(17) T S(a/q)F(a—alg),

0sa<g
on I1, is bounded by

(18) 29 ¥ sup |F(jg +x)I.

JELZO=x<q
Proor. The Fourier transform of (17) at the point x €Z equals

Y Stalg)e™ = f(x)=(#{0=<r<gq|x —r'€qZ})F(x).

0=a<gq
Thus the /'(Z)-norm is bounded by Z;, ., Zjez|13‘ (r' + jg)|, hence (18).

Taking F(a) = k(N'a)p(D,a) and g < D, in Lemma 6, there is a uniform
bound

Y | Sa/gk(N'(a— alg))p(Dy(a — alg))e’da

0=za<g

=C.

'2)

(19)

Observe indeed that
N © 1 .
F(X) ~ f l:f ylll— le—an(N'y+x)a¢(Dsa)dy] da
—-au 0

1
oy f YIG(D; (x + Niy))dy

which, since ¢ is assumed smooth, may be estimated by



78 J. BOURGAIN Isr. J. Math.

cot [yt ————ay.
Y (x +N’) Y
D,

Hence, clearly, for ¢ = D,, also
1
Jg +Ny|?
D,

- 1
sup |F(jg +x)| =CD; ' | yV'~!
x| <q

1+l

and since

iq + N\ 211
s [1s (1] 2
JEZ D,

(18) is bounded by a constant, proving (19).
It is now clear from the construction of the sets #, in Section 3 and (19) that

(20)

Z | SOk (= eDya~ e da

fER;

=C2>,
)

Since by Parseval’s identity and Lemma 4

L | SORWN'(a = (D= i)™ dar |

SEANR

= C27 2 f |l py

21)

interpolation between (20), (21) yields, for

DB

1
72 172

_ ég'l+

b

E S(é)k(NI(a-—f))(p(D (a——é))f(a)ez"“”‘da

SERNA,

<C2 —s{(t+pX1 —8)— 2082 " f"p

In order that the sum over s =0, 1, ... in (10) is controlled, it thus suffices to
fulfil the condition

(22) (1 + p)(1 — 6) > 2pd.

Letp <p <2,
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1 1—6 6 146 -6 ¢
—_—_— e —— =
}4 1 2 2 )i
Since assuming (22), by definition of L,
H ff(a)l:)v(a)eznimda , =C " f“ b
hence
(23) | [ 7exky - Loxweroda| =C 11,

and again, by Parseval and Lemma 5,

(24) “ ff(a)([@v — Ly)a)e™da Zé C(log N) ~+292 £l

interpolation between (23), (24) yields

= C(log N) ~(+eXi=02) £y

p

(25) “ ff(a)([&h — I:N)(a)ezm'mda

In evaluating the maximal function supy | f * Ky |, fmay be taken positive and
N of the form 2%, Hence, by (25),

(26)

Sl:plf*szl = flsuplf*Ly| ||, + (|| [+ (K — Ly) || )7,

p

where the second term admits the bound (Zk X =0V)Ury £ ' This leads
to the condition

+pX1—60)p>1.

Since 6 =60 and p’ is any number less than p, this gives, by (22), the
conditions

(1+p)(1—-6/6)>1+6,
hence
p(l —36)>20.

The purpose of the next section is to evaluate the first term in (26).
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S. An inequality

In this section, we prove the L?-version of the inequality given in Section 3
of [B] for the L2 case.

LEMMA 7. Let 1 < p <« and k € L'(R) satisfy a maximal inequality

27)

1. /x
sup|fxk,| “ = C(k) I f"L’(R), k(x)=- k(") .
L(R) t {

>0

Let ¢ be a smooth function on R supported by [—14,3] and 1 2q<eD
(e = 0(1)). Then

sup
>0

T | kp)flalg + By« +Pp(Dp)dp ‘

0=a<q

= CU) | S ray

We first make some remarks in order to avoid repetition of the same
argument. In what follows, £ stands for a small (absolute) constant depending
on the choice of . Let 0 = u =< 1, then

v 4)]

(28)

| [ P — e mpppprap
(29)

=e¢

[ Fpemamp0prap H

Let ¥ be a smooth function supported by [— 1, 1], w =1 on [ —3,4] and let
G(B) = F(B)p(Dp). Since we may insert a factor w(Df) in the integrand, the
left member of (29) equals

a7 NG ) — (G *0p) |, g™ NG N N~ Vurn 11 S g™ | G ||,
LEMMA 8. With q, D as above

[ Fpresppiap,

~ H f F(B)e*™p(DpB)dp

LR P(2)

PrROOF OoF LEMMA 8. We first prove that || [|pz, = || | 17w, Where { is
bounded. Let 0 = u <1 and write

= | [ Fessoo-apopas| + | [ F@n - essiesepmpp|

[ Fpremsopprap H )
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Integrating the pth power of the firsttermin u, || || z2® is obtained. For fixed
u, estimate the second term

e [ Fwn - emiesmppiap| set| [ Feop]

using (29). Hence { = 1 + &{ and we may take { = 2.
To prove the converse inequality, write

o b= 0w+ | [1] [ oot - esmipopap| dul”

Appealing to the converse inequality and (29), the inner /*-norm is clearly
bounded by 2¢ || [F(B)e*™#p(DB)dp ||, proving the inequality.

PROOFOF LEMMA 7. WritingxE€Zasx=yg+z,z=0,1,...,9 — 1, the
left member of (28) equals
p }l/p
#(Zy)

(30) / )

0=2<gq

sup
t>0

f lé(tﬂ)Fz(/i)ez""'”yw(Dﬂ)dﬂl

denoting

FZ(B) == 2 f(a/q +ﬂ)6,27u'z(alq+ﬂ).

0=a<g

As in the proof of Lemma 8, denote { the a priori best constant in the
inequality

sup
t>0

f /e(z/z)F(ﬂ)ez"""%(DB)dﬁ} “[

31) |
écu | F(B)ez’””‘”w(Dﬂ)dﬂH .
I’

For 0 = u <1, write again

sup
(>0

f k(tB)F(B)e* #p(DB)dp l

(32) =sup

>0

f E(tﬂ)F(ﬂ)eZ"“’“‘y*“’fp(Dﬂ)d/i’

+ sup

>0

f k(tB)F(B)e™ s[> 4P — 11p(DB)dp ‘
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Integrating the pth power of the first term in # on [0, 1] gives, by Lemma 8, an
estimate

a7 sup k,*[ | F(ﬂ)ezm’%(w)dﬁ] I
=cwa | [ Fperpwpip|

_ ) H f F(B)e™#p(DB)dp HL

~cth| [ Fpempmpas)|

The /P-norm of the second term in (32), for fixed u €{0, 1], is bounded by

CH f F(B)[e?™ — 1) p(DB)dp H ;
=Pl “ f F(Be™#* — 1]e*™'p(DB)dp H

=¢f

[ Fwerowpas) |

=2¢L

[ Feowpap)

using twice Lemma 8 and (28).

Hence, we proved that { = C’(k) + 2¢{ and thus { = C”(k).

Estimating (30) and applying (31) with F=F. (z=0,...,9 — 1) now
easily yields Lemma 7.

6. End of the proof

To complet the proof of (2), it remains to estimate the first term of (26),
1/p = (1 + 0)/2 where p, 0 satisfy

p(l —36)>26.
For fixed s, estimate A, ,, the best constant in the inequality
sup| X &+ BK(GBYp(D,B)e*™ ¢ +Ddp ‘ !
A>0 1 EEARNA, - r

33 WL
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Since, from the triangle inequality, we have

(34 L=(za)isin

sup | f* Ly|
N

the additional request will be
(35) ZA, < cx.

By construction, #,\ A, _, is the disjoint union of at most 2°* subsets I of I,
where each I is a difference of cyclic subgroups. Let w be a smooth function on
R,w=1on[—413], w =0outside [ — 1, 1]. Defining

F(x)= X S$(&) | fla)e™ =y (Dy(a — &))da

cer

one clearly has

2 S(&) | (& + kAR +Dp(D,B)dp

cer
(36)
= fgr F(& + B)k(3B)e*™ <+ Py(D,B)dp.
Note that for k(x) ~x~"*"yq,(x) on R, (27) holds forall 1 < p = «, as an
easy consequence of the standard Hardy-Littlewood maximal inequality.
Hence, by Lemma 7, for | <r <2

sup| ¥ | F(E + BK(AB)e*™ ¢ +Pp(D,B)dp

A>0L T r
(37 R _

= C(r) ;S(é) [ff(a)ez”"“'W(Ds(a - i))da]

For r = 2, Lemma 4 and Parseval give an estimate

12
z~“+ﬂw{ | 1@ (Dt - é))lzda} :

fer
Hence, since the functions y(Di(- — &), £ € R, \ &, _,, are disjointly sup-
ported, it follows from Cauchy-Schwartz, by the triangle inequality,

sup
A>0

T S© f(é+ﬂ)lE(lﬂ)e“““f”)(o(DSﬂ)dﬂ”2

ERNA

(38) é C23p/2‘(1+p)s/2 " f"2-
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Since, by Lemma 6 applied to F(B8)= w(D,f), the Fourier transform of
2eer S(EW(D,(a — &)) is an /'(Z)-bounded function, (37) may be estimated by
Clfl,. Thus

sup
A>0

=2°C | A,

by (36), (37) and the triangle inequality.
Writing 1/p = (1 — v)/2 + v/r, interpolation between (38), (39) gives

r

T S f(é+ﬂ)le(iﬂ)ez’"*“*”(p(Dxﬂ)d/fI

(ERNR -y

(39)

A,  ZC(r)2-st-vrzw
leading to the condition
(40) 1—0>2pw
where v is any number chosen larger than 6. Hence
(41) 1—-60>2p6
ensures (35).
The existence of p fulfilling both (27) and (41) leads to the restriction
§<i 62+46—1<0, hence 6<+v5—2.

This restriction is equivalent to

1 V5-1 o V5+1

> .
p 2 F 2

This completes the proof of the result stated in the abstract.
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